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ÎÁÅÉ Â Lp(R)
À.Â. Êàþìîâà
Àííîòàöèÿ
Â ðàáîòå èññëåäîâàíà ñõîäèìîñòü ðÿäîâ èç ïðîñòûõ äðîáåé â ïðîñòðàíñòâå Lp(R) .
Â ÷àñòíîñòè, ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñõîäèìîñòè â ïðîñòðàíñòâå
Lp(R) ðÿäîâ ñ ÷ëåíàìè âèäà
pk
t− zk
, ãäå {pk}  ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë.
Êëþ÷åâûå ñëîâà: ïðîñòûå äðîáè, íåðàâåíñòâî Õàðäè.
Ââåäåíèå
Âûðàæåíèå âèäà
n∑
k=1
1
t− zk , ãäå z1, z2, . . . , zn  êîìïëåêñíûå ÷èñëà, íàçûâàåòñÿ
íàèïðîñòåéøåé äðîáüþ ñòåïåíè n . Íàèïðîñòåéøèå äðîáè ïðèâëåêàþò âíèìàíèå
ìíîãèõ èññëåäîâàòåëåé, è èññëåäîâàíèþ èõ ñâîéñòâ ïîñâÿùåíî áîëüøîå êîëè÷å-
ñòâî íàó÷íûõ ñòàòåé (ñì., íàïðèìåð, [16℄). Â [1℄ ðàññìàòðèâàëàñü çàäà÷à íàõîæäå-
íèÿ íåîáõîäèìîãî è äîñòàòî÷íîãî óñëîâèÿ ñõîäèìîñòè ðÿäîâ íàèïðîñòåéøèõ äðîáåé
∞∑
k=1
1
t− zk â Lp(R) , p > 1 è áûëà äîêàçàíà ñëåäóþùàÿ
Òåîðåìà A. Ïóñòü p > 1 , zk = xk + iyk ∈ C \ R äëÿ ëþáîãî k ∈ N . Åñëè âû-
ïîëíåíî óñëîâèå
∞∑
k=1
kp−1
|yk|p−1 < +∞, òî ðÿä g∞(t) =
∞∑
k=1
1
t− zk ñõîäèòñÿ â Lp(R) .
Îáðàòíî, åñëè ýòîò ðÿä ñõîäèòñÿ â Lp(R) , ïîñëåäîâàòåëüíîñòü |yk| óïîðÿäî÷åíà
ïî âîçðàñòàíèþ è |zk| ≤ C|yk| äëÿ âñåõ k , òî
∞∑
k=1
kp−1
|yk|p−1 < +∞.
Çàìåòèì, ÷òî èç òåîðåìû À íàïðÿìóþ íå ñëåäóåò àíàëîãè÷íûé ðåçóëüòàò äëÿ ðÿ-
äîâ ïðîñòûõ äðîáåé âèäà g(t) =
∞∑
k=1
pk
t− zk , ãäå p1, p2, . . .  ïîëîæèòåëüíûå ÷èñëà.
Èñïîëüçóÿ ìåòîä, ðàçðàáîòàííûé â [1℄, â íàñòîÿùåé ñòàòüå äîêàçàíà ñëåäóþùàÿ
Òåîðåìà 1. Ïóñòü p > 1 , zk = xk + iyk ∈ C \ R , pk > 0 äëÿ ëþáîãî k ∈ N ,
òîãäà
1) åñëè ïîñëåäîâàòåëüíîñòü {pk}k∈N îãðàíè÷åíà ñâåðõó íåêîòîðûì ïîëîæè-
òåëüíûì ÷èñëîì M è âûïîëíåíî óñëîâèå
∞∑
k=1
∣∣∣∣kpkyk
∣∣∣∣
p−1
< +∞, (1)
òî ðÿä
g(t) =
∞∑
k=1
pk
t− zk , (2)
ñõîäèòñÿ â Lp(R) ;
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2) åñëè ðÿä (2) ñõîäèòñÿ â Lp(R) , ïîñëåäîâàòåëüíîñòü |yk| óïîðÿäî÷åíà ïî
âîçðàñòàíèþ è |zk| ≤ C|yk| äëÿ íåêîòîðîãî èêñèðîâàííîãî C > 1, à ÷èñëà pk
ìîíîòîííî óáûâàþò ê íåêîòîðîìó ÷èñëó K > 0 , òî âûïîëíåíî óñëîâèå (1) .
Äîêàçàòåëüñòâî. Â [2℄ ïîêàçàíî, ÷òî ñõîäèìîñòè ðÿäîâ
g(t) =
∞∑
k=1
pk
t− zk è ℑg(t) =
∞∑
k=1
pk|yk|
(t− xk)2 + y2k
â ïðîñòðàíñòâå Lp(R) ðàâíîñèëüíû (zk è pk óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû 1).
Çíà÷èò, âìåñòî ñõîäèìîñòè ðÿäà g(t) â Lp(R) ìîæíî äîêàçûâàòü ñõîäèìîñòü ðÿäà
ℑg(t) â ýòîì æå ïðîñòðàíñòâå. Áåç îãðàíè÷åíèÿ îáùíîñòè áóäåì ñ÷èòàòü, ÷òî yk > 0
äëÿ âñåõ k .
Îáîçíà÷èì
Qk =
pkyk
(t− xk)2 + y2k
.
Äîêàæåì ïåðâóþ ÷àñòü òåîðåìû 1. Çàìåòèì, ÷òî åñëè â óñëîâèè (1) óïîðÿäî-
÷èòü ïîñëåäîâàòåëüíîñòü {pk/yk} ïî óáûâàíèþ, òî ñõîäèìîñòü ðÿäà (1) ñîõðàíèòñÿ.
Ïîýòîìó áóäåì ïðåäïîëàãàòü, ÷òî ïîñëåäîâàòåëüíîñòü {pk/yk} óïîðÿäî÷åíà ïî
óáûâàíèþ.
Òåïåðü ïîêàæåì, ÷òî ðÿä
∞∑
k=1
Qk ñõîäèòñÿ â Lp(R) .
Ïóñòü ñíà÷àëà p ∈ (1, 2) .
Òàê êàê (a+ b)α ≤ aα + bα ïðè a, b > 0 è α ∈ [0, 1] , òî
+∞∫
−∞
(
n∑
k=1
Qk
)p
dt =
+∞∫
−∞
n∑
j=1
Qj
(
n∑
k=1
Qk
)p−1
dt ≤ I1 + I2,
ãäå
I1 =
+∞∫
−∞
n∑
j=1
Qj
(
j∑
k=1
Qk
)p−1
dt, (3)
I2 =
+∞∫
−∞
n∑
j=1
Qj

 n∑
k=j+1
Qk


p−1
dt. (4)
Ïðèìåíÿÿ íåðàâåíñòâî åëüäåðà äëÿ îöåíêè èíòåãðàëà (3), èìååì
I1 =
n∑
j=1
+∞∫
−∞
Qj
(
j∑
k=1
Qk
)p−1
dt ≤
n∑
j=1

 +∞∫
−∞
Qαj dt


1/α
 +∞∫
−∞
(
j∑
k=1
Qk
)(p−1)β
dt


1/β
Â ïîñëåäíåì âûðàæåíèè ïîëîæèì α = 1/(2− p) , β = 1/(p− 1) è çàìåòèì, ÷òî

 +∞∫
−∞
Qαj dt


1/α
= pjy
(1−α)/α
j

 +∞∫
−∞
(
1
1 + s2
)α
ds


1/α
=
= pjy
(1−α)/α
j
(√
pi
Γ(α− 1/2)
Γ(α)
)1/α
= pjy
(1−α)/α
j γα,
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ãäå Γ(α)  ãàììà-óíêöèÿ Ýéëåðà. Ïîñëå ïîäñòàíîâêè, ó÷èòûâàÿ, ÷òî
+∞∫
−∞
Qk dt = pipk,
èìååì
I1 ≤ pip−1γ 1
2−p
n∑
j=1
pj
yp−1j
(
j∑
k=1
pk
)p−1
≤ pip−1γ 1
2−p
Mp−1
n∑
j=1
pjj
p−1
yp−1j
=
= pip−1γ 1
2−p
Mp
n∑
j=1
pj
M
(
j
yj
)p−1
≤ pip−1γ 1
2−p
M
n∑
j=1
(
pjj
yj
)p−1
Ïîñëåäíåå íåðàâåíñòâî ñïðàâåäëèâî, òàê êàê pj/M ≤ 1 è (p − 1) ∈ (0, 1). Äàëåå
ìû áóäåì èñïîëüçîâàòü íåðàâåíñòâî Êîïñîíà (òåîðåìà 344 èç [7℄): åñëè an ≥ 0 ,
0 < s ≤ 1 , òî
∞∑
n=1

 ∞∑
j=n
aj


s
> ss
∞∑
n=1
(nan)
s.
Ïðèìåíèì ýòî íåðàâåíñòâî ïðè s = p− 1 è aj = pj/yj , òîãäà
I1 ≤ pip−1γ 1
2−p
M
n∑
j=1
(
pjj
yj
)p−1
< pip−1γ 1
2−p
M(p− 1)(1−p)
n∑
j=1

 n∑
k=j
pk
yk


p−1
. (5)
Îöåíèì èíòåãðàë (4)
I2 ≤
+∞∫
−∞
n∑
j=1
Qj

 n∑
k=j+1
Qk


p−1
dt ≤
n∑
j=1
+∞∫
−∞
Qj

 n∑
k=j+1
pk
yk


p−1
dt =
= pi
n∑
j=1
pj

 n∑
k=j+1
pk
yk


p−1
≤Mpi
n∑
j=1

 n∑
k=j+1
pk
yk


p−1
.
Îòñþäà âìåñòå ñ (5) ïîëó÷àåì, ÷òî
+∞∫
−∞
(
n∑
k=1
Qk
)p
dt ≤ C(p,M)
n∑
j=1

 n∑
k=j
pk
yk


p−1
,
ãäå C(p,M)  êîíñòàíòà, çàâèñÿùàÿ òîëüêî îò p è M .
Åñëè ðÿä
∞∑
j=1

 ∞∑
k=j
pk
yk


p−1
ñõîäèòñÿ, òî èç ïîñëåäíåãî íåðàâåíñòâà ïîëó÷àåì,
÷òî äëÿ ëþáîãî ε > 0 ñóùåñòâóåò N òàêîå, ÷òî äëÿ ëþáûõ n > m > N
+∞∫
−∞
(
n∑
k=m
Qk
)p
dt < ε.
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À ýòî îçíà÷àåò, ÷òî ïîñëåäîâàòåëüíîñòü Sn =
n∑
k=1
Qk óíäàìåíòàëüíà â Lp(R) ,
òîãäà â ñèëó ïîëíîòû Lp(R) ïîñëåäîâàòåëüíîñòü Sn ñõîäèòñÿ, è ñëåäîâàòåëüíî,
â Lp(R) ñõîäèòñÿ ðÿä
∞∑
k=1
Qk. È ïåðâàÿ ÷àñòü òåîðåìû ïðè p ∈ (1, 2) áóäåò äîêàçàíà.
Äîêàæåì ïîýòîìó ñõîäèìîñòü ðÿäà
∞∑
j=1

 ∞∑
k=j
pk
yk


p−1
.
∞∑
j=1

 ∞∑
k=j
pk
yk


p−1
≤
∞∑
j=1

 ∞∑
s=0
2s+1j∑
k=2sj
pk
yk


p−1
≤
(òàê êàê â ñèëó óñëîâèÿ 2) äîêàçûâàåìîé òåîðåìû ïîñëåäîâàòåëüíîñòü {pk/yk}
ìîíîòîííî óáûâàåò)
≤
∞∑
j=1

 ∞∑
s=0
2s+1j∑
k=2sj
p2sj
y2sj


p−1
=
∞∑
j=1
(
∞∑
s=0
2sjp2sj
y2sj
)p−1
≤
∞∑
j=1
∞∑
s=0
(
2sjp2sj
y2sj
)p−1
.
Ïîñëåäíèé ðÿä ðàçîáüåì ïî ÷åòíûì è íå÷åòíûì j íà äâà ðÿäà. Òàê êàê ïîñëå-
äîâàòåëüíîñòü {pk/yk} ìîíîòîííà, òî ýòè äâà ðÿäà áóäóò ñðàâíèìû, òî åñòü îíè
áóäóò ñõîäèòüñÿ èëè ðàñõîäèòüñÿ îäíîâðåìåííî. ÿä ïî íå÷åòíûì j ñîâïàäàåò
ñ ðÿäîì
∞∑
k=1
(
kpk
yk
)p−1
, êîòîðûé ïî óñëîâèþ (1) ñõîäèòñÿ, ñëåäîâàòåëüíî, ðÿä
n∑
j=1

 n∑
k=j
pk
yk


p−1
òàêæå ñõîäèòñÿ.
Ïóñòü òåïåðü p ≥ 2 . Ïîêàæåì, ÷òî ïîñëåäîâàòåëüíîñòü Sn =
n∑
k=1
Qk óíäà-
ìåíòàëüíà â Lp(R) (òîãäà, êàê è â ïðåäûäóùåì ñëó÷àå, ìîæíî ñäåëàòü âûâîä
î ñõîäèìîñòè ðÿäà
∞∑
k=1
Qk â ïðîñòðàíñòâå Lp(R)).
Ïî àíàëîãèè ñ [1℄ (ñì. ëåììû 1 è 2), ìîæíî ïðîâåðèòü, ÷òî äëÿ ëþáîãî p ≥ 2
èìååò ìåñòî íåðàâåíñòâî
+∞∫
−∞
∣∣∣∣∣
n∑
k=1
Qk
∣∣∣∣∣
p
dt ≤ C(p,M)
n∑
k=1
∣∣∣∣kpkyk
∣∣∣∣
p−1
.
Îòñþäà ïîëó÷àåì, ÷òî
‖Sm − Sn‖pp =
+∞∫
−∞
(
n∑
k=m
Qk
)p
dt ≤ C(p,M)
n∑
k=m
∣∣∣∣kpkyk
∣∣∣∣
p−1
.
È òàê êàê âûïîëíåíî óñëîâèå (1), òî èç ïîñëåäíåãî íåðàâåíñòâà ñëåäóåò, ÷òî ïîñëå-
äîâàòåëüíîñòü Sn óíäàìåíòàëüíà â Lp(R) . Ïåðâàÿ ÷àñòü òåîðåìû ïîëíîñòüþ äî-
êàçàíà.
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Äîêàæåì îáðàòíîå óòâåðæäåíèå. Ïóñòü ðÿä
∞∑
k=1
Qk ñõîäèòñÿ â ïðîñòðàíñòâå
Lp(R) . Ïîêàæåì ñõîäèìîñòü ðÿäà (1) ïðè p > 1 .
Ïî óñëîâèþ |zk| ≤ C|yk| äëÿ íåêîòîðîãî èêñèðîâàííîãî C > 1 îòñþäà ñëåäóåò,
÷òî (t − xk)2 + y2k ≤ 22(t2 + x2k) + 22y2k ≤ 4(t2 + C2yk) ≤ 4C2(t2 + y2k) äëÿ ëþáîãî
t ∈ R.
Òàê êàê ïîñëåäîâàòåëüíîñòü pk ìîíîòîííî óáûâàåò ê ÷èñëó K , à ïîñëåäîâà-
òåëüíîñòü yk óïîðÿäî÷åíà ïî âîçðàñòàíèþ, òî
+∞∫
−∞
(
∞∑
k=1
Qk
)p
dt ≥ 1
(2C)2p
+∞∫
−∞
(
∞∑
k=1
pkyk
t2 + y2k
)p
dt =
=
1
(2C)2p
+∞∫
−∞
∞∑
j=1
pjyj
t2 + y2j
(
∞∑
k=1
pkyk
t2 + y2k
)p−1
dt ≥
≥ 1
(2C)2p
∞∑
j=1
yj∫
−yj
pjyj
t2 + y2j
(
∞∑
k=1
pkyk
t2 + y2k
)p−1
dt ≥
≥ 1
(2C)2p
∞∑
j=1
yj∫
−yj
pjyj
y2j + y
2
j

 ∞∑
k=j
pkyk
t2 + y2k


p−1
dt ≥
≥ 1
(2C)2p
∞∑
j=1
2yj
pj
2yj

 ∞∑
k=j
pkyk
y2k + y
2
k


p−1
=
21−3p
C2p
∞∑
j=1
pj

 ∞∑
k=j
pk
yk


p−1
≥
≥ 2
1−3pK
C2p
∞∑
j=1

 2j∑
k=j
p2j
y2j


p−1
≥ 2
1−3pK
C2p
∞∑
j=1
(
jp2j
y2j
)p−1
.
Îòñþäà è èç ñõîäèìîñòè ðÿäà
∞∑
k=1
Qk â Lp(R) äåëàåì âûâîä î òîì, ÷òî ðÿä
∞∑
j=1
(
2jp2j
y2j
)p−1
ñõîäèòñÿ. Ïîýòîìó â ñèëó ìîíîòîííîñòè ïîñëåäîâàòåëüíîñòè {pk/yk} äîëæåí ñõî-
äèòüñÿ è ðÿä
∞∑
j=1
(
jpj
yj
)p−1
.
Òåîðåìà 1 äîêàçàíà.
Summary
A.V. Kayumova. The Convergene of Series of Simple Frations in Lp(R) .
The onvergene of series of simple frations in Lp(R) has been investigated. In partiular,
neessary and suient onditions for the onvergene of series with oeients
pk
t− zk
, where
pk is a sequene of positive numbers, in Lp(R) have been obtained.
Key words: simple frations, Hardy's inequality.
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